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Abstract

This study explores a dynamical model called th@llp asymmetric simple exclusion process (TASER)two
dimensions (2D). An open boundary condition is fjztfor the model, and sequential updating dyresngire used as
the dynamical rule. The system studied is a diec® system of lattice sites, which are modifieth ia three-way
junction. Two cases are considered: a three-wagtijpm with two entrances and one exit, and a thvagjunction with
one entrance and two exits. The density and cudemsity of the system are determined numericallgh that a phase
diagram is obtained. The continuity equation dégeg the dynamics of particles in the system ivewlby using a
simple Euler method. The results show that theileaad current density profiles, as functionstoé tattice sites, are
determined by the input and output rates at theimidaries. Moreover, the density phases obtaired@anbinations of
the density phases of the TASEP, which yield a pichse diagram.

Abstrak

Diagram Fase dan Profil Rapat ArusTotally Asymmetric Simple Exclusion Process dalam Dua Dimensi untuk
Sebuah Pertigaan Jalan yang SearahTelah diteliti sebuah model dinamik yaithe totally asymmetric simple
exclusion process (TASEP) khususnya dalam dua dimensi (2D). Syaatadyang digunakan untuk model ini adalah
syarat batas terbuka. Aturan dinamika yang digumakdalah aturan dinamiksequential updating. Sistem yang
dipelajari adalah sebuah sistem diskrit berupa gkettalam dua dimensi. Sistem ini dimodifikasi melnjaentuk
pertigaan junction) yang searah. Dua kasus yang dipelajari dalamlifianeini adalah pertigaan dengan dua pintu
masuk dan sebuah pintu keluar, dan pertigaan desagampintu masuk dan dua pintu keluar. Nilai katap dan rapat
arus partikel dalam sistem tersebut ditentukanraemamerik sehingga dihasilkan diagram fase. Pexaarkontinuitas
untuk menggambarkan dinamika partikel dalam sistbselesaikan menggunakan metode Euler sederharsl Ha
numerik menunjukkan bahwa profil kerapatan dantrapas partikel dipengaruhi oleh syarat batasuylaju masukan
(input rate) dan laju luarandutput rate). Selain itu, fase kerapatan yang diperoleh meéapa&ombinasi dari fase
kerapatan untuk TASEP sehingga dihasilkan diages® yang kaya akan fase kerapatan
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1. Introduction

that there is no other particle occupying that. sitee
A popular particle hopping model that has become a jump occurs in to the right only. This model was
reference model for studying non-equilibrium-driven  originally applied to study the polymerization kiics

systems [1,2] is the totally asymmetric simple as@in of nucleic acid templates [5,6]. Since then, it bagn
process (TASEP) [3,4]. TASEP is a driven system in ysed as a standard tool for studying one-dimenkiona
which particles occupying one-dimensional lattidess transports [7-9] and the biological motions of nwoto
jump to their nearest right-hand neighbor siteyvjated proteins [10].
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The TASEP is specified by a dynamical rule and
boundary conditions [11,12]. The boundary condition
used is that of open boundaries. Under this caorditi
each boundary in the lattice system is given arvege
that acts as an entrance for particles, as wedlnasher
reservoir that acts as an exit. Particles may emiter
and go out of the lattice sites through the entaacd
exit, respectively. This type of boundary condition
produces interesting phases,
homogeneity of the particle density profiles.

The dynamical rule applied in this study is called
sequential updating. For lattice systems, the dycam
rule prescribes the movement of particles from site

to another on a lattice. The jumping process igifipd

by a quantity called the hopping rate, expressed as

kig+1)(). kigs1)(t) is the probability of a particle jumping
from lattice site to sitei+1 at timet. An example of the
sequential updating dynamics can be observed imr&ig
1.

As depicted in Figure 1, at timg a site is chosen
randomly with the probability 1IN+1), whereN is the

total number of lattice sites. In this case s$ite 4 is
chosen, but there is already a particle at the site

1. At time ¢#: site i = 4 is chosen.

N-1 N

2. At time ¢+1: the particle at site i = 4 hops to its
right nearest neighbour site.

A
i=12 3 4 .. N-1 N

N-1 N

4. At time 2: no jump occurs.

410100011061

i=1 2 3 4 N-1 N
And so on.

Figure 1. An Example of the Sequential Updating Prcess
of the TASEP (Taken from [12])
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which show the in-

However, no particle occupies site= 5. Therefore, at
timet + 1, the particle at the chosen site may jump to
sitei = 5 at the hopping ratk. Next, at timet + 1,
another site is chosen, e.g. dite- 2, which is occupied
by a particle. However, because there is a pardickte

N - 1, no jump occurs at time+ 2. These dynamics
continue as time progresses.

There are two physical quantities that are disalisse
this study: densitygf(t)] and current densityJfi.1(t)].

pi(t) is the average ensemble of particles that oceupy

lattice sitei at timet. J;.1)(t) is the average amount of
jumping by particles from lattice siteto site {+1) at
time t. The relationship between the density and the
current density is given by the continuity equatioia.:

dp; (t
U004 = __,0,().

p @)

For the TASEP, we can use the simple Euler method
O+ = Ji(iﬂ)(t)—‘](i_l)i (t) so that the formal
solution of Eqg. (1) can be written as follows:

t

plt+1)=plt)- .[ dt' [‘]i(i+1) ()= 34 (v)]

0

)

As mentioned above, there are four phases of gefiosit
the TASEP that are of interest. These are low tensi
(LD), high density (HD), coexistence phase (CPY an
maximal current (MC)These four phases are shown in
Figure 2

In Figure 2,0 and B are the constant input (at the
entrance) and output (at the exit) rates, respagtiihe
former is the probability rate of particles enterithe
lattice sites through the entrance, whereaslatter is

1

[y
maximal
B . 3 current
low density )
J=1/4
J=a(l-a)
0.5+
high density
J=p(1-8
t »
0 0.5 1
a

Figure 2. The Phase Diagram of the TASEP, with Open
Boundary Conditions and Sequential Updating
Dynamics
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the probability rate of particles exiting the ledisites. particle density is obtained by using a continuity
The LD phase is obtained far< g anda < 0.5. The HD equation in 2D given as:
phase is obtained fox > # and § < 0.5. The CP
(diagonal line in Figure 2) between high and low gp (t)
densities is obtained far = f anda, # < 0.5. Finally, ot
the MC phase yields the maximum current density 1
oo : . ;
;a(;l'.l;, which is] = 0.25. This latter phase occurs:jfs m{(JG_éx)i (t)- Ji(i+éx)(t))+ (J(f_éy)i (t)- Ji‘(i+éy)(t))}.

®)
An equally important but lesser-known model is the
TASEP extended to two dimensions (2D) [13,14]. The
spatial extension of the model is important in mivde It can be observed that the densjtyassigns the same
various transport systems that occur in the realdyo index i on the left- and right-hand sides of Eq. (5).
such as road traffic at junctions, where vehiclas be Consequently, Eq. (5) is not a closed equation, heasd
considered as interacting particles. The movemént o to be solved self-consistently. The specificationshe
particles is still asymmetric (i.e., the particlaay only input and output rates determine the density amceot
jump to the right or to the upper sites). In thisdy, two density profiles obtained. By using this model syst
cases are considered, thai)ia junction with two inputs we can study a realistic system for vehicles diraet-

(entrances) and one output (exit), where the imptés way junction.
of particles area; and a;, and the output rate i8;

[Figure 3(i)], and ii) a junction with one input citwo

outputs [Figure 3(ii)], where the input ratedisand the o2

output rates arg, andg,. The values of these input and B2
output rates will determine the density and current @

density of particles in each system case.

entrance exit

The sequential update of the TASEP in 2D at eauh ti
stept — t + 1 (discrete time) can be described as

follows. A lattice site i =i,&, +1,8, = (i,.,i,)OL is
chosen randomly with probability N{N+2)], whereL?
is the 2D lattice systenN is the total number of lattice

sites on thex- or y-axis, &, and éy are the unit vectors

. . . entrance
for the x- andy-axis, respectively. The current density
of the TASEP in 2D can be written as [11, 15]:
r r (i)
3ive)0) = ke o - e )], (3)
and o2
Kol © (3 5
) . . entrance exit
where Jir(”éx)(t) is the current density of particles
moving from sitei to site (i+éx), Ji‘(i+éy)(t) is the
current density of particles moving from sitdo site
(i +éy), ki‘(Héy) is the hopping rate of particles from
sitei to site (i +éy) and l<ir(i+éx) is the hopping rate of it
particles from site to site (i +éx) .
i
To obtain the density profiles of the TASEP in 2D, W
continuity equation similar to Eq. (1) is used, stbat Figure 3. The Dynamics of TASEP in 2D for a Three-way
an analogy to Eq. (1) for the TASEP in 2D is inend Junction with (i) two Entrances and One Exit,
To create an analogy with Eq. (1) the evolution of and (i) One Entrance and Two Exits
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2. Methods

The instruments used in this research are (i) dherit
computer, (i) Dev C++ software (language program),
and (iii) MS Excel software.

The data collected for this study were obtained by
running a computer code and varying the parameters.
The parameters which were varied are;i¥ a,, 5> for

the case of a junction with two inputs and one oitp
and ii) a1, f1 = B> for the case of a junction with one
input and two outputs. An additional constraint \aso

put forward, so that two of the input rates were $ame
and two of the output rates were the same, in jas®l
case ii), respectively. This was done in ordereduce

the number of parameters, so that the model would
become simple and tractable. The input and ouggesr
can be varied from 0.0 to 1.0.

The hopping ratesk’ and k', were set as constant
parameters. These were given values of 1.8, sk =
1.0, for all lattice sites, except at the junctidrhis
means that a particle on a site (except at thetipmc
site) is certain to jump to the nearest right aghler
neighbor site (probability of 1.0). A particle ohet
junction site can jump to the nearest right or bigh
neighbor with equal probability. As the probability
normalized, the hopping rate at the junction isasét =
K'=0.5.

Finally, the values of the above mentioned pararsete
were inserted into equations (3), (4), and (5). Jiheple
Euler method was then used to solve the differentia
equation (5) in the form of a computer code, via\DE
C++. As Eq. (5) is a self-consistent equation, rtiegn
program code starts by providing a set of guess
densitiesp. The guess density set is then inserted into
the right-hand side of Eq. (5), such that a newddet
densities is obtained. The new set of densitiethaes
inserted back into the right-hand side of Eq. &i)] so
on, until the result converges to the true solufmmthe

density. The current density profiles are obtaitd
inserting the true values of density into Egs.a3) (4).

3. Results and Discussion

The particle density for the TASEP in 2D in thenfor
of a three-way junction has six kinds of phaseat ih
high density-high density (HD-HD), coexistence pghas
high density (CP-HD), low density-coexistence phase
(LD-CP), low density-low density (LD-LD), maximal
current-low density (MC-LD), and high density-
maximal current (HD-MC). An example of a density
profile for CP-HD is given in Figure 4 below.

Figure 4 presents a density profile for a three-way
junction with two input rates and one output rate,
obtained fora; = a, = 0.1 ands,. From the beginning

of the lattice sites (horizontal axis), the densityow,

at about 0.1. However, at site 20, the density @thyru
changes to a high density of 0.9. At the junctide s
(site 50), the density decreases slightly to 018, ib
still in the high density region. Hence, the phasa
combination of a coexistence phase (from site 20p
and a high density phase (from site 50 to 100)R{HD.

e P1 (02 = 0.1;82 = 0.2)

o s P2 (01 =0.1;81 =0.0)
0B
2
‘0 0.6
c
(0]
© 04
0.2
D ! S—
[i] 20 40 60 BO 100
lattice sites

Figure 4. A Density Profile of the TASEP in 2D for a
Three-way Junction with Two Entrances and
One Exit, in the CP-HD Phase. The Horizontal
Axis Presents the Lattice Sites from 1 to 100.
The Vertical Axis is the Density with Numerical
Values from 0.0 to 1.0

Table 1 Various Phases of the TASEP with two Input Rates; = a» and one Output Ratef3,

5 % 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.1 HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD
0.2 CP-HD HD-HD  HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD
0.3 LD-CP HD-HD  HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD
0.4 LD-LD HD-HD  HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD HD-HD
0.5 LD-LD HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC
0.6 LD-LD HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC
0.7 LD-LD HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC
0.8 LD-LD HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC
0.9 LD-LD HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC
1.0 LD-LD HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC HD-MC
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Table 1 shows various density phases, which depand
the input rates, = a, and output ratg, from 0.1 to 1.0,
or in other words, from HD-HD to LD-LD. Fat, = o

> 0.1 with output rates, variation from 0.1 to 1.0, a
phase transition from HD-HD to HD-MC occurs. Fgr
=a, = 0.1;4, = 0.1, the HD-HD density phase occurs.
Fora, =a; = 0.1;8, = 0.2, the CP-HD phase occurs. As
the output rate is increasedfp= 0.3, the LD-CP phase
occurs. ForB, > 0.3, a transition to the LD-LD phase
takes place. Fo#, = a; > 0.1; 0.1 <B, < 0.5, the HD-
HD phase occurs. Finally, fes, = a; > 0.1;5, > 0.5, the
density profile indicates the HD-MC phase.

The next case involves a three-way junction of the
TASEP in 2D with one entrance (one input rate) and
two exits (two output rates). A phase diagram afous
phases for this case, in whigh = ,, can be seen in
Table 2. Various phase transitions are evidenthm t
table. The first phase is again LD-LD, wher= 0.1;8;
=B, = 0.1. Ifay is increased to 0.2, by, S, remains
fixed, the phase changes to LD-CP. Thengifis
increased to 0.3, the density phase of CP-HD idymred.

If the input rate is in the range of 0.4 to 1.0thy; = 5,

= 0.1, the density reaches a high density phasiehvi$
HD-HD. The high density phase can then be decreased
by increasing the values gf, f,. For 0.4< a; < 0.5, if

p1 = B, is increased, the LD-LD phase will be obtained.
For 0.6< a; < 1.0, the density phase becomes MC-LD.
According to these results, the LD-LD phase ocdlrs
o1 = ﬁl =ﬁ2 =01 anChl < O.S,ﬁl =ﬁ2 > 0.2. The LD-
CP phase then occursdif = 0.2,8, =8, = 0.1. Next, the
CP-HD phase occurs far, = 0.3,8, =, = 0.1. The
HD-HD phase occurs fat; > 0.4; 5, = f, = 0.1. Finally,

the MC-LD phase occurs fog > 0.6,5; =5, > 0.2.

An example of a density profile for the three-way
junction with one entrance and two exits is preserin
Figure 5. The CP starts from the beginning of #tgde
site and continues until the junction site. Theant the
junction site until both ends of the lattice sitdse HD
phase occurs. As such, the combination of the ghiase

CP-HD. For this case, the input rate is 0.3, ara th
output rates are both 0.1. Without the junctionyame
output rate), the phase would be HD. However, the
additional lane (junction) reduces the high density
profile of the first half of the lattice sites tdPC

Some comparison between the two cases above is in
order. In general, the density of particles in theee-
way junction with two entrances (two input ratesfda
one exit (one output rate) is higher than in theg¢hwvay
junction with one entrance and two exits. This ns i
accordance with the boundary conditions enforced fo
the two cases above, where the former has more
entrances and fewer exits than the latter. If theigles

that move through the three-way junction are reggrd
as models of vehicles, this demonstrates that the
vehicular traffic in a lane with two entrances amke

exit will be at a high density for most given inpand
output rates. This can also be observed in Table 1.
Likewise, if the three-way junction has one enteaand

two exits, the vehicular traffic will be at a lovemwksity in

the dominant scenario, which can be seen in Table 2

0.8 I
> 0.6 e P(011,31)
2 04 s 0 (012, 32)
(]
©

0.2

1]
0 30 100
lattice sites

Figure 5. The Density Profile of the TASEP in 2D fora
Three-way Junction with One Entrance and
Two Exits in the CP-HD Phase. The Horizontal
Axis Presents the Lattice Sites from 1 to 100.
The Vertical Axis is the Density

Table 2 Various Phases for a Three-way Junction with one Ingt rate (a;) and Two Output Rates 3, )

a1

N 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.1 LD-LD LD-CP CP-HD HD-HD HD-HD HD-HD  HD-HD HD-HD B-HD HD-HD
0.2 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
0.3 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
0.4 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
0.5 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
0.6 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
0.7 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
0.8 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
0.9 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
1.0 LD-LD LD-LD LD-LD LD-LD LD-LD MC-LD MC-LD MC-LD MC-LD MC-LD
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The computed results for the current density arthén
form of graphs of current density vs. lattice sit€he
current densities may be obtained by using Egaf®)

Eq. (4), after Eq. (5) is solved numerically. As
explained above, the current density describes the
average hopping of particles through the three-way
junction. An example of a current density profik i
given in Figure 6. The figure shows a current dgnsi
profile fora, = 0.4;8, =, = 0.1.

Clearly, the current density profile of the threayw
junction depends owmy, a,, f1, andp,. The profile is
mainly flat throughout the lattice sites. This icalies
that the value of the current density is constant.
Furthermore, this shows that the three-way jundgan

a steady state of non-equilibrium. However, thei@af
the current density from the beginning to the jiorct
site is higher than for the rest of the latticesit

Figure 7 depicts the current density profile ofheee-
way junction fora;=0.3;8, =4, =0.1. The profile is

01
0.8 — 1)
2
S 006 e )02,62)
o
S oM
5
.02
0

5 100

=

lattice site

Figure 6. Current Density Profile witha; =0.4;8,=$,=0.1

L% |
{I{IE _J((Xl,Bl)
2
§ 0.06 —— J (012,32)
2 004
3
0.2
0
0 i [ 1040
lattice site

Figure 7. The Current Density Profile of the Threeway
Junction with a;= 0.3; 8, =4,=0.1
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similar to the previous density profile, and istfla
throughout the lattice sites. However, the valuehaf
current density lowers from the beginning to the eh
the lattice sites.

4. Conclusions

Based on the results and discussion above, thandiad

of this study can be summarized as follows. The two
cases of the three-way junction of the TASEP in two
dimensions produce various phases, which are HD-HD,
CP-HD, LD-CP, LD-LD, and HD-MC. The MC-LD
phase especially occurs for the three-way junciiith

one input and two outputs.

In general, the density profile of the three-wamgdtion
with two inputs and one output is higher than tifathe
three-way junction with one input and two outpdtke
current density profiles are determined by the
specifications ofa;, ap, f1, andf,. The value of the
current density is constant, which shows that the
systems are in steady non-equilibrium states.
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